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The chymosin-induced flocculation of casein micelles of bovine milk can be explained and calculated in terms of three
relationships, which are (i) the action of chymosin upon the x-casein of the micelles; (ii) the probability that a micelle,
with a given proportion of its x-casein destroved, will ageregate, and (iii) the agaregation of micelles by a Smoluchowski
mechanism, Details of the calculations are given, and the theory is shown to be in good agreement with experiinental ob-
servations of the dependence of the clotting time with variations in enzyme and substrate concentrations.

1. Introduction

A theory for the rates of enzyme-triggered coagula-
tion reactions was recently provided by Payens and
co-workers [1,2], with special emphasis on the chymo-
sin-induced coagulation of the micelles of milk. Ac-
cording to this theory, the lag time between the initia-
tion of the reaction and the observation cof coagulation
is the result of first, the time required for the enzyme
to produce appreciable concentrations of coagulable
material and second, the time required for this mate-
rial to aggregate, by a diffusion-controlled mechanism
after the model of von Smoluchowski [3]. This mech-
anism has been shown [4] to describe very well the
coagulation of para-k-casein produced from isolated
k-casein. However, in milk, the k-casein exists distri-
buted throughout casein micelles and the proteolysis
of one k-casein molecule within the micelle is not suf-
ficient to bring about aggregation [5,6]. A description
of the relationship between proteolysis of k-casein and
subsequent aggregation of micelles requires to be in-
corporated into the thory.

Experiments have shown that, prior to aggregation,
between 80% and 90% of the k-casein of milk has to
be subjected to proteolysis before appreciable aggrega-
tion and clotting can occur, because of the low aggre-
gaiing tendency of micelles which contain an appreci-
able amount of unmodified k-casein [5,6]. Estimates
of the weight-average molecular weight of casein micel-

les are of the order of 3 X 108, and number-average
molecular weights are an order of magnitude lower [7,
8.9]. Therefore, the average micelle, having about 13%
k-caszin [10], should contain some 200 k-casein mole-
cules, most of which are on the surface, but some of
which may be contained within the micelle structure
[11,12]. Chymosin acts on this x-casein according to
Michaelis-Menten kinetics [13], but it is clear that the
aggregability of chymosin-treated micelles does not
increase linearly with the proteolysis of k-casein {6].

This paper describes a modification of the original
mechanism of Payens to take account of the time-
dependence of production of aggregable material pro-
duced by the action of chymosin on milk. A method
of incorporating the extent of proteolysis into calcu-
lations is then deveioped, demonstrating that it is pos-
sible to describe the complete time-course of the reac-
tion to accord wiih experimental evidence.

2. Experimental and results

Fig. 1 shows the results of an earlier study [6],
made to define the relationship between aggregation
and chymosin proteolysis of milk. In these experiments,
controlled proteolysis of the k-casein was achieved, in
the absence of aggregation, by the use of immobilised
chymosin at 4°C. A similar controlled proteolysis,
using soluble chymosin in milk maintained at 0°C, gave
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Fig. 1. The rate of aggregation (change of turbidity) of cooled
renneted milk warmed by diluting 0.1 ml of milk into 3 ml
synthetic serum at 25°C, plotted as a function of the extent
of proteolysis at that reaction time, measured by quantitative
clectrophoresis, The small amount of residual aggregation at
less than 80% conversion of k-casein represents the reassocia-
tion of B-casein (see text).

similar results. After proteolysis for given times, small
samples were iaken from the reaction mixture, and
were rapidly diluted and warmed to 25°C. The rate

of aggregation of these samples was estimated by the
rate of change of turbidity following warming. The
extent of x-casein proteolysis was estimated for each
sample by quantitative electrophoresis on cellulose
acetate supports. Roth types of experiment gave simi-
lar results, namely, that no aggregating tendency of
the proteolysed milk was found until a considerable
extent (abouit 88%) of the total k-casein present had
been destroyed. At higher conversions of k-casein,

the aggregation rate increased sharply, rising to a max-
imum when virtually all of the k-casein had been de-
stroyed. This aggregation appeared to be almost com-
pletely caused by the action of chymosin: since itis
known that there is a tendency for B-casein to dissociate

from casein micelles at low temperatures, tests were made

to check that the turbidity changes which were ob-
served on warming the cooled samples were not sim-
ply caused by reassociation of S-casein. By duplicate
experiments similar to the above, but lacking chymo-

sin, it was shown that the turbidity changes from this
cause were small, being less than 2% of the maximal
aggregation rate of chymosin-treated micelles.

These results were interpreted [6] in terms of a
model which defined that individual micelles which
had less than approximately 97% of their k-casein
proteolysed do not aggregate. From the average com-
position of casein micelles, a simple statistical formu-
lation allowed the calculation of the proportion of
micelles which could aggregate at any given extent of
proteolysis.

To test the results of any calculation method by
reference to experimental observations, there are two
definable variations which can be readily studied, na-
mely the variation of coagulation time (z.) with en-
zyme concel:tration, at a fixed concentration of milk,
and secondly, the variation of 7, with the concentra-
tion of milk, at fixed chymosin concentration. The
first of these, is it well-established, gives a relation
such that 7. is approximately inversely related to the
enzyme concentration [2]. The second, however, is
not well-defined, and a briet series of experiments was
carried out to study the phenomenon.

Milk from herd-bulk samples was pasteurized
(63°C, 30 min), and was then concentrated by ultra-
filtration until the protein-containing moiety was con-
centrated by a factor of 3. Both permeate and reten-
tate were collected. Visual measurements of ¢, at
30°C were then made, on the 3X concentrated milk,
and on successive dilutions of this (using the ulira-
filtrate as diluent) down to a concentration of 0.025
of the concentrate. The reactions were started by add-
ing to 5 ml of the milk solution, 10 ul of a solution of
chymosin (5 mg/ml), prepared according to Bunn et
al. [15]. The results are shown in fig. 2. The coagula-
tion time remained relatively constant as concentra-
tion decreased, until somewhat below the concentra-
tion of the original milk, after which there was a sharp
rise in 7, when the concentration of milk was further
decreased. Since it was possible that the dilution of
the milk caused alterations in micelle structure and
hence alterations in 7, two sets of experiments were
compared. In the first set, the milk was treated with
chymosin immediately after dilution, and 7, was mea-
sured. A second set of diluted milks were prepared
and held for 6 hours at 30°C before chymosin treat-
ment. These gave identical ¢, to the first set, and it
was therefore concluded that dilution did not cause
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Fig. 2. Coagulation times of chymosin-treated milks as a func-
tion of milk concentration. Measurements were made on 3X
concentrated milk, and successive dilutions, using ultrafiltrate
as diluent. Chymosin conceniration was constant. The full
line represents the results of calculation, with Ky = 4 X 10~4
mole 17!, V.. = 3.7 X 1076 mole~! 571, and kg = 3.7 X

10% mole™1 151, It was assumed for the calculation that
micelle. were monodisperse, with 37 = 1.8 X 107 (containing
100 k- asein mole cules).

appreciable changes in the mechanism which could be
detected in this time-span.

3. Calculation of the time-course of the reaction

It is to be assumed that the attack of chymosin on
micellar k-casein is random, For, if this were not so,
e.g. if the chymosin were to bind to a micelle and to
completely denude it of k-casein before dissociating,
Michaelis-Menien kinetics would be unlikely to apply,
and also, the relationship between aggregation and
extent of reaction (fig. 1) would not hold. For such
random attack, at any extent of overall proteolysis,
a, it is possible to define the proportion of micelles
which have particular exients of their x-casein split by
chymosin. If the micelles originally each contain »
molecules of k-casein, the proportion of micelles

which have i molecules of k-casein destroyed at overall
extent of proteolysis « is:

Pn,i,oz = i!(n”i i) (o")i(l - a)n-1' - (1)

If there is a limiting fraction (/) of the original » mol-
ecules of k-casein of the micelle which must be proteo-
lysed befere aggregation can occur, the fraction oy mi-
celles which can aggregate must simply be

7 n
_ n! . s
€= ;Eﬁan,,-,a 22 fe i@ —eyri. ()

In milk, the micelles are heterogeneous in size [7—9],
and in composition: that is, there exists a range of
values of 7. Thus, the total aggregable fraction must
represent the sum of g,,:

b 7

fag =20 22 niPi ;. 3)

where n;is the number fraction of micelles which pos-
sess 7 molecules of k-casein, and a and b are the mini-
mum and maximum number of x-casein molecules in
a micelle, It is at present not possible to fully define
the distribution of k-casein in micelles of different
sizes. However, it will be shown below that this is like-
ly to have little effect upon z..

This relationship can explain the observed behavi-
our of the aggregability with respect to the exient of
proteolysis [6]. A good fit of the experimental results
is obtained for = 0.97 (fig. 1), with constant k-
casein conient for micelles assumed. This implies that
any micelle requires to have about 97% of its k-casein
destroyed prior. to aggregation.

Thus, the fraction of micelles which can aggregate
at any particular extent of proteolysis can be calcu-
lated. The extent of proteolysis (&) can be simply de-
termined from the integrated form of the Michaelis-
Menten equation [16].

Ky (T—l_—&) + 65 = Viax? » %)

where K, and V., are the Michaelis parameters, ¢ is
the reaction time, and sg is the concentration of sub-
strate (i.e. k-casein) at r = 0. Digital solutions for « as
functions of time can be obtained for given K, and

¥ max - &, once calculated, can be used to give the frac-
tion of micelles which can aggregate, according to eq.

3).
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Fig. 3. Calculated time-courses of chymosin-induced coagulation: (i) lower solid curve, taking monodisperse micelles with A7 =

3.6 X 107; (ii) upper solid curve, taking a distribution of micellar sizes from ref. [7], My = 1.94 X 108, with x-casein taken as
13% of the total casein content; (iif) Insert shows on larcer scale the initial decrease of molecular weight for (ii); (iv) The points
on the upper curve demonstrate the effect of k-casein distribution, when it was assumed that the micelles in (ii) had, in the largest
size class, 9%, aid in the smallest, 17% x-casein; (v) the broken line shows the extent of «-casein splitting.

Thus the function fagg can be calculated for any
time during the reaction, and this must then be insert-
ed into the Smoluchowski relationship which governs
the aggregation [2] where all aggregating species as-
sociation with a rate constant 2k . Appendix 1 desn-
onstraies that, for a Smoluchowski reaction, in which
the amount of material which can aggregate is not
constant, but varies with time (as Fagg does) the
weight-average molecular weight of the aggregating
material is

[ [(Zi2dn/dr)dr
M (=Mo\ iz iamianar
2k,

2
s ¥ idn/dandry d
+f(Eidn,-/dt)dt f{f( dn;/dn) t} t}

where M, is the molecular weight of a monomer (i.e.
an individual casein molecule) and 7 is the number of

)

these monomers in the particles which are added to
the reaction mixture at rates ds;/dz.

The equations used by Payens [1,2] and Hyslop et
al. [4] are a specific case of eq. (5), where there is
only one species present (constant i) and where drn/dzs
is linear (Appendix 1).

Eq. (5) may be used to calculate the molecular
weight for any aggregation reaction provided that
d7i;/dz can be expressed as an analytical function or
calculated directly. In the case uvnder consideration,
analytical solution is not possible for full Michaelis-
Menten kinetics, followed by the probability function,
so that digital means were employed.

Eq. (5) gives the time dependence of the molecular
weight of aggregating material only. The full average
molecular weight of the milk undergoing chymosin
action is expressed by [1]:

Mot = WompMomp + Wiiceties™ micelies + Wags™ age »
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where the W factors represent the weight fractions of
glycomacropeptide released, of micelles which cannot
aggregate, and of micelles which have been sufficient-
1y attacked to that aggregation is possible.

These calculations can be applied to the chymosin-
induced flocculation of milk, and specimen calcula-
tions are shown in fig. 3. These calculations replicate
several features of the chymosin treatment of milk.
There is, during the lag time after addition of enzyme,
a small decrease in average molecular weight, arising
from the proteolysis of the k-casein as found by
Pavens [2], and at the end of the lag stage there isa
progressively increasing gradient, where the molecular
weight increases rapidly. No unambiguous definition
of ““cloiting time’’ can, however, be made by these cal-
culations, which predict a continuous, rather than
singular, process.

We may check the applicability of the calculation
method by computing coagulation times for a variety
of enzyme and substrate concentirations. For the cal-
culations, it was necessary to define a criterion of
“clotting time’ this was done by defining 7, as the time
at which the weight-average molecular weight was
10, taking account of the electron-microscopic studies
of Green et al. [5]. The calculated dependence of 7
against enzyme concentration is shown in fig. 4, where
it is seen that, over a range of enzysne concentration,
the plot of In (z..) against In (£) is not completely
linear, but has a slight curvature. Nevertheless, the
curve illustrates that the approximate inverse relation-
ship between ¢ and E is obtained, in conformity with
experiment. Experimental determinations of the exact
value of proportionality between 7. and 1/E vary,
with values from 0.99 to 0.77 being quoted [1]. The
calculations are well within this range. Fig. 4 also
shows that the inverse relationship can, however, by
only approximate, since it varies with enzyme and
substrate concentrations.

Similarly, the calculations also describe very well
the variation in the coagulation time with the concen-
tration of substrate as experimentally measured (fig.
2), showing that the calculation replicates the behav-
iour of the experimental system in terms of both en-
zyme and substrate concentrations.

It was poinied out earlier that the value of # (the
number of k-casein molecules contained in a casein
micelle) is important in defining 1, (€q. (3)). Detail-
ed calculations were made of the effect of this, and

7-0 -

Inte

' I
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in (E) {Arbitrary units)

Fig. 4. Calculated coagulation times as functions of enzyme
concentration, with Ky =4 X 107% mol 17! and kg = 3.7 X
10% 1 mole~! s~ at selected values of Vi between 1.24 X
107% mole 1! 571 and 1.24 X 1075 mole I"! s~1. Two milk
concentrations are shown, namely natural milk with total
casein concentration of 25 mg mi~! (X) and 3X concentrated
milk (o).

also of the effect of polydispersity. The results of cal-
culation (fig. 3) show that the effect of both variations
is small. This results from the probability function g,
(eq. (2)) being relatively insensitive to 72 unless 7z is
small. As described above, the average micelle will con-
tain some 200 molecules of k-casein, and at this point
the value of # is sufficiently large that changes in

do not affect the calculation greatly. If # is smalier,
(as perhaps in so-called submicelles), the probability
distribution of g,, is much broader, and aggregation
will occur at a lower a. Since the largest micelles have
the greatest effect on molecular weight growth (since
we are dealing with a weight-average phenomenon},
the aggregation of small micelles or submicelles has a
relatively small effect both experimentally and in
terms of the calculation of molecular weight growth
and 7.

4. Discussion
This method of calculation for the chymosin-

induced aggregation of casein micelles is similar to
that of Payens [1,2], but incorporates certain impor-
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tani differences. The most fundamenial of these are
the use of full Michaelis-Menten kinetics, and the defi-
nition of aggregable material by invoking the probabil-
ity functions. The conclusions which are deduced are,
however, rather different from those in the earlier
work [2]. The calculations described here allow quan-
titative relationships between clotting time and the

concentrations of enzvme and substrate to be denv?r]
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by digital calculation, although it is not possible to
provide a full analytical description. The calculations
are in effect a generalisation of which the formulation
given by Payens [1,2] is a special case, and lead to the
same resuit, given the same assumpiions. Deiaiied cai-
culations (fig. 3) demonsirate that, although a part of

the 120 stace is nroduced by the slow aggregation of
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material, a major part of the delay before observable
aggrecation is caused by the time required for the en-
zyme to produce the extensive proteolysis of the k-
casein which is required to produce aggregable parti-
cles. The caicuiations are in good agreement with the
experimental evidence, in terms of variation of en-

zvme and cuhcirate concentration
Zyme ang subsiraic conceniraiion.

The requirement that over 90% of the k-casein
must be destroyed before a micelle may aggregate
demonstrates the very high stabilizing ability of k-
casein, and it appears that a particularly critical fac-
tor is involved in the aggregation of the micelles. It
has been suggested that coagulation of chymosin-

4+rantad micellag mavy arice From tha radnictiaon in thae
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overall negative charge on the surface of the micelles
by the removal of the glycomacropeptide [17], and
also that the hydrophobic nature of the residual para-
k-casein will also contribute to the aggregation ten-
dency [18]. Without deiailed knowledge of the stru-
ture of the micelle, before and after chymosin action,
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Appendix 1

motes the sudden onset of coagulation. The use of
Smoluchowski theory does not help in this respect,
since it does not allow detailed definition of the floc-
culating particles. It does not appear however, that
the aggregating units behave as polyfunctional entities,
since in studies of paruauy—protemysea micelies, ag-
gregation appeared to be of the Smoluchowski type
rather than that predicted for polyfunctional particles
by Gordon et al. [19] and Parker and Dalgleish [20].
From measurements of the rate of reaction of mi-
celles in experimental systems, and comparison with
calculation a value of & of about 4 X 104 1 mole—1
—1 (in terms of mlceues ) is found at 30°C. This is

slow compared with the possible rate, calculated on

the basis of collision frecuencv. althoueh somewhat
the basis o1 collsion Irequency, although somewnat

higher than the estimate given by Payens [2]. This re-
flects the fact that there is still an inhibitory factor
acting in micellar interactions, even after the destruc-
tion of their k-casein.

The calculations outlined above may also be used
for the coagulation of the isolated substrate, k-casein,

whinh nradiicos nocoraontec af Lara v _racoin an hvdra.
Wililil PTOGUCes a8gregaes O1 para-K-castin on nyoIe

lysis, Studies of this by Hyslop et al. [4] have mea-
sured the time-dependence of aggregation, and calcu-
lations using the method described in ihis paper (but
omitting the probability function since » = 1) for pure
k-casein) can be used to describe the results (Appendix
1.

Potentially, this approach may e
zymically-induced coagulation reaction, allowing for
differences in the production of coagulable material.
Thus the proteolysis and aggregation of k-casein alone
do not require the probability function. The mecha-
nism of fibrin coagulation will also require definition
before calculation can be achieved but should aiso be
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M»L.c_puu.l O GCrdncQ anaysis 1

ch mav be used for anv en-
useg ior any en

The behaviour of a Smoluchowski aggregation, into which aggregatable material is added as a function of time

The basic Smoluchowski system, in which a given weight of material is aggregating, with all possible aggrega-
tions having a constant of 2k is described by a set of equation.

aas

X ———2kv Ev--l—k E v

x—i->

a1

where ; are the concentrations of the i-mer species in the aggregation. From this, it is simple to show that



D.G. Dalgleish/Chymosin-induced flocculation of casein micelles 153

vy = l’o(ksl’of)i'” 1/(1 + kSV(}I)i'!"‘i (A2)
and the weight-average molecular weight is given by
M (D)= Q1 + 2kpyn)M, . (A3)

The original formulation assumes that the starting “monomer” is monidisperse. If, however, the reaction starts
with ¥4 monomers, ¥5q dimers ...... v;o i-mers, then solution of a set of equations as in (A1), but with initial val-
ues of the monomer and polymer concentrations inserted, can be performed.

Summation of all equations (A1) for all x gives

2 ) = Zoigf 1+ Doore). a9

For momomer flux

dv1/d1‘= “"'2ksfll Z:i')’i =—2k82)1 E?’ie/(l +kst Elx‘io) .

vy ?
dvl EV.;O
Thus —= 2k ——— e
io vl sd T+Er 2o,

Therefore vy = v5/(1 + k2 Z ;)2 . (A5)
For dimers, dv, /d? = ksv% — 2k, Ty

and substitution for »{ and X »;, followed by integration, gives

vy = vao/(1 + kg Ev0)? + 3ok t/(1 + kg Son)3 . (A6)
If for brevity, we writex = (1 +k 2 = Vio)"l » then the calculation can be continued to give

v = w3gx? + Wyovykyts” + piok)xt (A7)

Vg = vgx? + (2Uygv30 vgﬁ)kstx:; + 30 gragkyt)2xt + v‘{‘o(kst)3x5 . (A8)

And so on, for all 7;.
Number and weight-average molecular weights demand the knowledge of the sums (£#;);, (Z iv;); and (T izvi),.
The sum Z v; has already been calculated (eq. (A4)). Since the total weight of material is constant,

(Eivg-)t = (E f”fo):=0 -

The sum = izz’i is calculsted froin egs. (A5)—(A8) and continuing the summation over all 7, which may be
achieved by considering terms in x2, x3, x4 ...

S(x2) =x2(vyg + 4vgg + W3g + 164 +...) =x2 Z)izvm .
. 2
S{x3) =X"ksf(4?%0 + 181’102120 -+ 321’101’30 + 161/%0 + 501’101}40 ...) = Zx?’ksz‘ (E izvm)(zvm) “+ (E ipi()) -

Similarly
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sSaH = 3x4(kst)2(23i2v,-0) (Eivio)z + 2(2iv,—0)2 (Eu,.o) ,
SG5) = axS(kg)? (2i2v,-0) (Z)ivio)3 +3 (Eivio))z (ZViO )2
or, in general
SE™)= (1 — Dam (k)72 (Eizu,-o) "2 2)(.Eiv,-o)2 (Ev,-o) "3

The sum is then

; i é SG:™) =§%{i(2i21’,-0) (Ep,.o) G-

2 G-2) . .
+(G— 1)(21"’1'0) (2”1'0) ("sf)(’_”x(’”)] ,
which reduces to, on summing over all j,
2
Eizvi = (Eizpio) + 2k5t(Einn} . (Ag)

The weight-average molecular weight, where M; is the monomer molecular weight is:

= M3i2v; i2u

H

Eq. (A10) is similar to (A3), with the summation of original pariicle weights replacing the monomer weight.
However, (A9) allows a iime-dependent function to be derived which allows calculation of molecular weights in a
reaction in which material is added at any rate. For simplicity we assume that at ¢ = 0, there is no aggregating ma-
terial present.

Eizvio =0 ’ Eiv,- =0.

Consider now adding material in increments dny , d75, d7g, ... in successive time intervals dr.
After one time interval

22 =dn;, 2uiv;=dn,.
After two intervals

D20, = any +dn, + 2k Ar(dny)2, 2uiv;=dny +dn, .
After three iniervals

2%, = dny + dng + dng + 2kydr (dny)? + 2k Ar(dny +dny)? , 2aiv;=dpy +dvy +dvy .
And after n intervals

n 72—1
2
D2, = 2_2 an, +2ksdt{(dn1)2 +(dnq +dny)? +(dny +dny +dng)? + ... +(l§ dn,-) } 2riv;=27an;.

i=
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So that, if we replace summations by integrals as follows

The numesator of the fractional term is
n—1

2k Az {(dnl)z +(dny +dny)? + | El

Thus

F{f (dn/dr) de}2dr }

My, =My {1 T T(@nfdnar

2k dr {(dny)? + (drq +dr,)2 + .. + (S0 1 dn,)2}
* f(dnjdn) dr

dni)z} =2k, [ { [anjan dz}z ar .

(Al1)

Exactly similar reasoning allows the determination of A/, when material is added in non-monomeric form. The

expression for M, becomes:

S (E2dn /dD) dr 2k,
S (Zidn;/di) dr

M, =My {

2
? f(Z idn;/ar) dtf{f(zfd"i/dt) dt] dt}

(A12)

where M, is the monomer molecular weight, and drn;/df is the rate at which particles of degree of polymerisation

i are added to the aggregating mixture.

This reduces to eq. (A3) if the amount of material is constant, and can also be used to derive the special case
where material (monomer) is added at constant rate V. The summations vanish since 7 = 1, and (A12) becomes

Vi,

-

2k
7;— fVZﬂdt} =My(1 + 3k, Ve2).

This is the equation derived by Payens [1] and used also by Hyslop et al. [4], bearing in mind that the aggrega-
tion rate constant (2&.) used in this work is twice that used in refs. [1], [2] and [4].
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